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A mathematical model has been proposed for describing the carbothermic nitridation of
carbon/metal oxide pellet in a stream of nitrogen. Based on the model, dimensionless
governing equations were derived to represent the non-isobaric system. Effects of the
following five parameters on the conversion of solid C and yield of solid E have been found
to be similar to that of an isobaric system: the reaction/diffusion ratio σ 2, the reactivity
ratios β1 and β2, the reactant amount ratio γ and the Sherwood number NSh. The reaction
rate was found to be high when the value of a dimensionless viscous constant B∗ was
large. The reaction rate for the non-isobaric system was generally found to be lower than
that for the isobaric system. C© 1999 Kluwer Academic Publishers

Nomenclature
A, B symbols for A and B,

respectively [-]
Bo viscous constant [m2]
B∗ dimensionless viscous constant

defined in Table II [-]
b, c, d, e stoichiometric number [-]
C, D, E symbols for C, D and E,

respectively [-]
CC, CD, CE concentrations of solids C, D and E,

respectively [kmol/m3]
CCo, CDo, CEo initial concentration of solids C, D

and E, respectively [kmol/m3]
DeKA effective Knudsen diffusivity of

gases A [m2/s]
dC, dD grain sizes of C and D,

respectively [m]
h mass transfer coefficient

[kmol/(s-m2-atm)]
L half-thickness of solid matrix [m]
l1, l2, . . ., l8 reaction order [-]
m1, m2, . . ., m8 reaction order [-]
NA, NB fluxes of gases A and B,

respectively [kmol/(s-m2)]
ÑA, ÑB dimensionless fluxes of gases A and

B defined in Table II,
respectively [-]

NSh Sherwood number [-]
n1, n2, . . ., n8 reaction order [-]
PA, PB partial pressures of A and B,

respectively [atm]

∗ Correspondence concerning this article should be addressed to H. K. Chen.

PAb, PBb partial pressures of A and B in bulk
gas, respectively [atm]

Pt total pressure [atm]
R gas constant [atm-m3/(kmol-K)]
t reaction time [s]
t∗ dimensionless time defined in

Table II [-]
T reaction temperature [K]
XC, XD conversions of solids C and D,

respectively [-]
YE yield of solid E [-]
z coordinate [m]
β1, β2 reactivity ratios defined in

Table II [-]
γ reactant amount ratio defined in

Table II [-]
η dimensionless coordinate defined in

Table II [-]
ξC, ξD, ξE dimensionless concentrations of

solids C, D and E defined in
Table II, respectively [-]

ρo initial bulk density [kg/m3]
σ 2 reaction/diffusion ratio defined in

Table II [-]
ϕA, ϕB dimensionless concentrations of

gases A and B defined in Table II,
respectively [-]

ϕAb, ϕBb dimensionless concentrations of
gases A and B in the bulk phase
defined in Table II,
respectively [-]
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1. Introduction
A gas-solid reaction of the following type

A(g) + cC(s)+ dD(s)= bB(g)+ eE(s) (1)

is normally found in the carbothermic nitridation of
aluminium oxide, silicon oxide and titanium oxide:

N2(g) + Al2O3(s)+ 3C(s)= 3CO(g)+ 2AlN(s)

(2-a)

2N2(g) + 3SiO2(s)+ 6C(s)= 6CO(g)+ Si3N4(s)

(2-b)

N2(g) + 2TiO2(s)+ 4C(s)= 4CO(g)+ 2TiN(s)

(2-c)

Most reports [1–3, 7–9] of this kind of gas-solid
reaction have been experimental. We previously pro-
posed a mathematical model [4] to interpret the
experimental results of the system of carbothermic
nitridation of aluminium oxide. Later, a general math-
ematical model [5] was suggested to interpret the nitri-
dation of carbon/metal oxide powder mixture. Gas pore
diffusion was assumed to have a normal diffusion re-
gion in these two papers. Subsequently, a mathematical
model for an isobaric system with Knudsen diffusion
was proposed [6]. If the solid pellet of carbon/metal
oxide is sufficiently thin, the system can be assumed
to be isobaric. However, when the pellet is thick the
isobaric assumption should be discarded, i.e. the effect
of pressure gradient should be considered. However, a
mathematical model taking this factor into account has
not yet been found. Therefore, this work is to develop a
physico-chemical model for the Knudsen diffusion re-
gion which can be applied to the non-isobaric system.
The effects of reaction/diffusion ratio, reactivity ratios,
reactant amount ratio, Sherwood number and dimen-
sionless viscous constant on the conversion of solid C
and yield of solid E are studied in this investigation.
A comparison of the reaction rates for the isobaric and
non-isobaric cases is made.

2. Mathematical model
A slab-like pellet made up of uniformly mixed solid
grains consisting of species C and D is considered here.
Solids C and D react with gas A according to reaction
(1). Gas A is present in the bulk gas.

The following assumptions are made:

1) The system is isothermal.
2) Pellet structure does not change during reaction.
3) The pseudo-steady state assumption is applicable.
4) Gas diffusion in the pores is in the Knudsen dif-

fusion region.
5) Mass transfer coefficients of gases A and B in the

gas film are assumed to be the same.

Within the framework of the above assumptions, the
problem may be stated by combining equations for

conservation of the gases with a mass balance for the
solids. The results are expressed as

NA = −(DeKA/RT)
dPA

dz
− PA(Bo/µRT)

dPt

dz
(3)

PB = Pt − PA (4)

dNA

dz
= −k1 exp(−E1/RT)dn1

C dn2

D ρn3
o Cn4

C Cn5

D Cn6

E Pn7

A Pn8

B

(5)

dNB

dz
= bk1 exp(−E1/RT)dn1

C dn2

D ρn3
o Cn4

C Cn5

D Cn6

E Pn7

A Pn8

B

(6)

The meanings of all symbols can be found in the
Nomenclature Section. DeKA is effective Knudsen dif-
fusivity in which porosity and tortuosity have been
taken into account. Bo is the viscous constant which
correlates with the pore diameter in the solid sample,
Bo = d2/32. The pore diameter is d.

The conservation of reactants C and D, together with
product E may be written as follows.

∂CC

∂t
= −k1 exp(−E1/RT)dn1

C dn2

D ρn3
o Cn4

C Cn5

D Cn6

E Pn7

A Pn8

B

(7)
∂CD

∂t
=

− k2 exp(−E2/RT)dm1

C dm2

D ρm3
o Cm4

C Cm5

D Cm6

E Pm7

A Pm8

B

(8)

∂CE

∂t
= k3 exp(−E3/RT)dl1

Cdl2
Dρ l3

o Cl4
CCl5

DCl6
EPl7

APl8
B

(9)

Initially, the concentrations of solids C, D and E are
expressed as

CC = CCo at t = 0 (10-a)

CD = CDo at t = 0 (10-b)

CE = 0 at t= 0 (10-c)

Due to symmetry, the boundary conditions at the center
of the pellet can be written as

NA = 0 at z= 0 (11-a)

NB = 0 at z= 0 (11-b)

On the surface of the pellet, the fluxes of gases trans-
ferred through the boundary layer are equal to the fluxes
diffused through the pellet. Thus, we have

NA = h(PA − PAb) at z= L (12-a)

NB = h(PB − PBb) at z= L (12-b)

If resistance to mass transfer in the gas film is neglected,
the partial pressures of component gases on the pellet
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TABLE I Dimensionless governing equations, initial conditions and
boundary conditions

Governing equations:

−ÑA = (1 + B∗ϕA)
dϕA

dη
+ B∗ϕA

dϕB

dη
(14)

ϕB = 1 − ϕA (15)

dÑA

dη
= −σ 2β2ξ

n4
C ξ

n5
D ξ

n6
E ϕ

n7
A ϕ

n8
B (16)

dÑB

dη
= bσ 2β1ξ

n4
C ξ

n5
D ξ

n6
E ϕ

n7
A ϕ

n8
B (17)

∂ξC

∂t∗
= −ξ

n4
C ξ

n5
D ξ

n6
E ϕ

n7
A ϕ

n8
B (18)

∂ξD

∂t∗
= −β1ξ

m4
C ξ

m5
D ξ

m6
E ϕ

m7
A ϕ

m8
B (19)

∂ξE

∂t∗
= β2ξ

l4
C ξ

l5
D ξ

l6
E ϕ

l7
A ϕ

l8
B (20)

Initial conditions:
ξC = 1 at t∗ = 0 (21-a)

ξD = γ at t∗ = 0 (21-b)

ξE = 0 at t∗ = 0 (21-c)

Boundary conditions:
ÑA = 0, ÑB = 0 atη = 0 (22-a)

ÑA = NSh(ϕA − ϕAb) or ϕA = ϕAb atη = 1 (22-b)

ÑB = NSh(ϕB − ϕBb) or ϕB = ϕBb atη = 1 (22-c)

surface are equal to those in the bulk gas. The bound-
ary conditions of Equations 12a and b can therefore be
replaced by

PA = PAb at z= L (13-a)

PB = PBb at z= L (13-b)

To facilitate the analysis, Equations 3 through 13 are
transformed into dimensionless forms, as shown in
Table I. The definitions of the dimensionless quantities
are listed in Table II.

The conversions of solids C and D and the yield of
solid E are calculated according to the following equa-
tions

XC =
∫ 1

0
(1 − ξC) dη (40)

XD =
∫ 1

0
(γ − ξD) dη (41)

YE =
∫ 1

0
ξE dη (42)

The numerical method needed to obtain the solution is
the same as that described by Chen and Lin [4–6], ex-
cept that in the present case their two equations of the
boundary-value problem are replaced by four, Equa-
tions 3 through 6.

3. Results and discussion
The values of stoichiometric numbers and perti-
nent parameters employed for the calculation are
listed in Table III, with the stoichiometric num-
bers corresponding to the carbothermic nitridation of

TABLE I I Definitions of dimensionless quantities

Gas concentrations:

ϕA = PA/Pt (23)
ϕB = PB/Pt (24)
Gas concentration in the bulk phase:
ϕAb = PAb/Pt (25)
ϕBb = PBb/Pt (26)
Diffusion flux:
ÑA = (NALRT)/(PtDeKA) (27)
ÑB = (NBLRT)/(PtDeKA) (28)
Solid concentrations:
ξC = CC/CCo (29)
ξD = CD/CDo (30)
ξE = CE/CCo (31)
Coordinate:
η = z/L (32)
Time:
t∗ = k1t/CCo (33)
Reaction/diffusion ratio:
σ 2 = (

L2RTk1
)
//(Pt DeKA) (34)

Reactivity ratio:
β1 = k2/k1 (35)
β2 = k3/k1 (36)
Reactant amount ratio:
γ = CDo/CCo (37)
Dimensionless viscous constant
B∗ = (BoPt)/(µDeKA) (38)
Sherwood number
NSh = hL/DeKA (39)

TABLE I I I V alues of stoichiometric number and pertinent parameters

Stoichiometric number or parameter Value

b 3.0
c 1.0
d 3.0
e 2.0
n4 2.1
n5 1.1
n6 −0.48
n7 0.95
n8 0.01
m4 0.94
m5 1.65
m6 −0.58
m7 0.87
m8 0.01
l4 0.45
l5 0.35
l6 0.16
l7 0.94
l8 0.01

C/Al2O3. The values of parameters employed are ob-
tained from experimental data of this reaction sys-
tem [2]. The only difference between the governing
equations of the non-isobaric system and the isobaric
system is the form of the diffusion equation, Equa-
tion 3, of this paper for the non-isobaric system and
Equation 2 in [6] for the isobaric system. The other
equations, initial conditions and boundary conditions
are exactly the same. The effects of five parameters,
namely, reaction/diffusion ratioσ 2, reactivity ratios,β1
andβ2, reactant amount ratio,γ and Sherwood num-
ber NSh on the conversion of solid C and the yield of
product E are similar in the non-isobaric and isobaric
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Figure 1 Plot of conversion of solid C, XC and yield of solid E, YE
against dimensionless time. The effect ofβ1.

Figure 2 Plot of conversion of solid C, XC and yield of solid E, YE
against dimensionless time. The effect ofγ .

Figure 3 Plot of conversion of solid C, XC and yield of solid E, YE
against dimensionless time. The effect of NSh.

systems. According to the results obtained, it is found
that the reaction would increase when the values ofβ2,
γ or NSh increased or the values ofσ 2 or β1 decreased.
Figs 1–3 show some of the results obtained.

A larger value of B∗ indicates a larger pore size in the
solid sample. A larger pore size produces a high rate of
diffusion of gas A into the solid sample, accelerating
the reaction. The computed conversion curves (Fig. 4)
confirm this viewpoint.

Figs 5–7 show the conversions of solid C, XC to-
gether with the yields of solid E, YE against dimension-
less time at different conditions. It is generally found
that when the system is non-isobaric, the reaction is
slower than under isobaric conditions. The mathemat-
ical model and calculations for the isobaric system is
rather simple compared to those for the non-isobaric
system. Hence, if the pellet is thin, the isobaric as-
sumption is usually employed. However, if the pellet is
thick, producing pressure gradient exists, the isobaric

Figure 4 Plot of conversion of solid C, XC and yield of solid E, YE
against dimensionless time. The effect of B∗.

Figure 5 Plot of conversion of solid C, XC and yield of solid E,
YE against dimensionless time. Comparison of non-isobaric case and
isobaric case.

Figure 6 Plot of conversion of solid C, XC and yield of solid E,
YE against dimensionless time. Comparison of non-isobaric case and
isobaric case.

Figure 7 Plot of conversion of solid C, XC and yield of solid E,
YE against dimensionless time. Comparison of non-isobaric case and
isobaric case.
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assumption should be discarded to prevent the calcula-
tion errors.

4. Conclusions
1. The effects of five parameters,σ 2, β1, β2, γ , NSh,

on the conversion of solid C and yield of product E are
similar in both non-isobaric and isobaric cases.

2. A larger value of B∗ produces a higher rate of
reaction.

3. Other conditions being equal, the rate of reaction
of a non-isobaric case is lower than that for an isobaric
case.
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